2. 


ON THE PROPERTIES OF A CERTAIN SYMBOLICAL 
EXPRESSION. 


[From the Cambridge Mathematical Journal, vol. 111. (1841), pp. 62—71.] 


THE series 


v l g mia N 1 
Dp @+e.. eN terms)? +t (a da? ore ap) {(1 +) a? +(1+ m) b...}! 


1 
(Ginger Sa pAGED a stk H), 
ssesses some remarkable properties, which it is the object of the present paper to 
investigate. We shall prove that the symbolical expression (ẹ) is independent of a, b, 
c, and equivalent to the definite integral 
f a da 
o {(1 + la®) (1 + ma?) ... 3?” 
property which we shall afterwards apply to the investigation of the attractions of 
n ellipsoid upon an external point, and to some other analogous integrals. The 


emonstration of this, which is one of considerable complexity, may be effected as 
ollows : 


l aes m P 
t at. da Pira we 


ad d ) LE LE E A -( Pere s NE i ) 
(aa + a -(i sl aettem a)" T+0° da?" 1+ m’ doe") SUPPOSS, 
et the p™ power of this quantity be expanded in powers of A. The general term is 


Writing the symbol under the form 


p(p~1)...(p- q+) 1 @ i 
tito gg i ee aaa) 
. . . l 
hich is to be applied to Orge 
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6 ON THE PROPERTIES OF A CERTAIN [2 


Considering the expression 
i ORIN. aS. 1 
(ara) {(1 + da’... 
if for a moment we write 


(1+l)@=a, &c.; &=an3t gpa p, 24 +62 iG 


this becomes Al — 


bane l y (20° + 2— 
Now it is immediately seen that My oo 
1 1 


from which we may deduce 


1 2 (21 +2)... (2i +29 — 2) (2i + 2—N)... (2i + 2q — n) 
A! Se Pa Nene nee ee aye Chg rr) tie eae een Tit 
Pi Pi 
or, restoring the value of p,, and forming the expression for the general term of (yp), this is 
Čs a per 1 


E (48-8) Pea 
+ Xe. 
p representing the quantity a?+b?+W&c. 
Hence, selecting the terms of the s™ order in l, m, &c. the expression for the 
part of (y) which is of the s™ order in J, m &c. may be written under the form 


S s( -17 P” i 
20 o TA wee 
multiplied by 


i+) (i+ 8—1) OP 
: U 
-Ê 2i (2i +2- n) (i+ 1) ... (E+ 8) AP rn 
+2P-D aia 2) (2+ 2 2i + 4— n) (i +2) Gte 41) Ar 
1.2 t (2t + ) (20+ — n) (21 sas prtets 
— &e. [la + mb? ... = U suppose] 
which for conciseness we shall represent by 
CI 9 U 
arre aR aA 
) EUU 
-78A cl 
(p — 1) U 


=S suppose. 
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Now U representing any homogeneous function of the order 2s, it is easily seen that 


ik AU A 


P p* pt ; 


A 


nd repeating continually the operation A, observing that AU, A°U, &c. are of the 
rder3 2 (s — 1), 2 (s — 2), &c. we at engi arrive at 


Ag, aaa. E 
p* 


cca 4s—n) AU. 


pr 


+ LG) 95 (95 +2) (28 + 29 4s — n) (2i + 2g — 48 — n — 2) AX? U. p 


+ 2i (2i +2)... (i+ 29)(2i+2q—4e—n)... (2i+2— 4s- n) U.a 


Changing 7 into s+7+7’, we have an equation which we may represent by 


U A? U At? U 


a 1 ig ean 
A i = Agi t pti 7 + Ay, i Ps a ess 


petit? rit 1A, rv 


preg (a), 


here in general 


x (2s + 2i + 2i’) (2s + Qi’ + 2i + 2) ... (2s + 2’ + 2i + 2r — 2) 
x (2i + 22’ + 2q — 2s — n) ... (2i + 2i’ + 2q — 2s — n — 2r + 2). 
ow the value of S, written at full length, is 


(—1)8 am 
Tee | BOM (A ea PAn en 
U U 
+ Es- pe (a Oe a pr =F Bae pti +.. 


+ &e. 


d substituting for the several terms of this expansion the values given by the 
quation (a), we have 


s= h (ba +h LAMAT +z U) 


here in general 
kr = Oy (54s, o Set Asiro Senn 00+ H Aoz 0 Sex) 


— 1 
— Bs ($ ce IP ae a n postaa, 1 beh) 


. s(s—1)...(s—x+1) 
t Às (So ae gece A,_x,x t) 


being the (x+1)™ of the series as, s... 
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8 ON THE PROPERTIES OF A CERTAIN [2 


Substituting for the quantities involved in this expression, and putting, for simplicity 
21+2-—n=2y, we have, without any further reduction, except that of arranging the 
factors of the different terms, and cancelling those which appear in the numerator 


and denominator of the same term, 
(=k (aire oe —- 9). a) 
I. Sine ge. Beers) Be. 6. bod... (2) 1. 20k 
multiplied by the series 
(¢+s+1)...(¢@+8+x-—1) into 
{1+ : y(y+1) xÆ] (x + 1) terms} 


1 Vp F. 2 V EEE T e e, a 


_ @+s) ASS sa 


yx(x—1), yti) x (k-1) & —2) 
z+] sin 1.8 aaa tage x terms| 


§ ,@+s-r+1)...(i+8s+x-r-1) 
ns (1—y) (2-4) ... (r=) 


ke-1) ute a-r y EDan. er- 1) terms| 


into 


tO 7 = x. 


Now it may be shown that 
1 


(=y) (2-14) -- (r—) 
fx (x-1)... (x-r+ 475E ETT ge. (x1 -r) terms} 


EIS m ETA t+). Ae a A a 
i (1 —) (2-4)... (&-9) : 


which reduces the expression for kx to the form 


(= 1) hy _ (-—1)+* ((+s+1)...(¢+8+x-1) 
2.48 2", 8.8) 4 2 2 ENTIS ENEDA 
Pit. ee eign Tc ((+s+x-—3) 


1.2 
+ &c. (x +1) terms; 
from which it may be shown, that except for x=0, k,=0. 
The value x=0, observing that the expression 


(i+s+1)(t+s +2)... (i+s— 1) 


1 i 
represents ———, gives 
p Tyi 
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(1k _ (-1) 
i ee pile de Pe Se (21 + 2s)’ 


r we have simply 


S= {=17 AU 
2 (1.2...8)*. (2+ 25)“ 
2 
e A U = (la? + mb’...)*. 
nsider the term a nae Ce 


oe ee eee 


ith respect to this, A! reduces itself to 


toe (&) 


nd the corresponding term of S is 


ety A 
ICEL P sw. it bay? oo BAe Lo tans Spb. OC, Yam 0 
_(-1).1.3... (2A —1).1.3... (24-1). re 
(27 + 2s) 2.4...2N.2.4...2u. &e. 


, and multiplying by æ”, is the general term of the 


3 DP 1 
hich, omitting the factor 24 26 


order in l, m,... of 
1 
vV {(1 + læ) (1 + ma’) ...}° 


The term itself is therefore the DES term of 


| AOAR aa P y 
taking the sum of all such terms for the complete value of S, and the sum of the 
erent values of S for the values 0, 1, 2... of the variable s, we have the required 
uation 
1 a dr 
+=f VIL FA (1 + ma). 


Another and perhaps more remarkable form of me pete may be deduced 


a i b? 
T Tal i , &c. for a’, b, &&., and putting ar +7 Tiree =7', lp =æ, 
, &c.: we readily deduce 
ne | a da 
o V{(4? + aa”) (n? + Bx?) ...} 
œ 1 p 1 
po get 1 .2...p.t(¢+1)... @+p) (tiat =) (a? + 0?...)°’ 
c 2 
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n being determined by the equation 
a? b? 
Ka ee Aeae 
PHE t+ 
or, as it may otherwise be written, 


A T 
ji F T n? + ae n? + B? 
n, it will be recollected, denotes the number of the quantities a, b, &c. 


Now suppose 
V=fj/...¢d(a—a, b—y,...)dudy... 
(the integral sign being repeated n times) where the limits of the integral are given 


by the equation 
ae 


at i z 
and that it is permitted, throughout the integral to expand the function ¢ (a -— x, ...) 
in ascending powers of a, y, &c. (the condition for which is apparently that of ¢ 
not becoming infinite for any values of æ, y, &c., included within the limits of the 
integration): then observing that any integral of the form ff... a? y1... dedy &c.... where 
any one of the exponents p, q, &c.... is odd, when taken between the required limits 
contains equal positive and negative elements and therefore vanishes, the general term 
of V assumes the form 


eee (&) (GY eto Bo.) ff... a yh se dle dips. 


Also, by a formula quoted in thé eleventh No. of the Mathematical Journal, the value 
of the definite integral ff... a” y”... da dy... is 


T(r +4) TP (s+4).. 
‘T(rte+...+9n41)’ 


are PA mal; 


2r+1 h 28+1 
hrapa., 


(observing that the value there given referring to positive values only of the variables, 
must be multiplied by 2"): or, as it may be written 


pit, 11.8... @r-1).1.8 (2—1). 
‘Fans 1)... G@n+r+e..)PQn: 
hence the general term of V takes the form 


(gn) gn(n4+1)...Qn4+r4s...)° 2% 1.2.3...7.1.2...8... 


d d? 
x (P 5) (r 55) ye AY 
and putting r+s+&c.=p, and taking the sum of the terms that answer to the same 
value of p, it is immediately seen that this sum is 


hh oon” 1 d 
=T EOR aT D TTA dath ip TOKIO 


2r+1 28+1 
henhan... 
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Or the function ¢(a—s, b—y...) not becoming infinite within the limits of the 
ntegration, we have 


[f...¢(a—a, b-y...)dady... 
2hh, . ca) Ji x d 


a A EET N TE ae ge) OB 


he integral on the first side of the equation extending to all real values of a, y, 


g 2 
pth + hota M 


1 


Suppose in the first place ġ (a, ARTES E a 


By a preceding formula the second side of the equation reduces itself to 
2hh, . a. a"! da 
oe o {OP + hPa?) (n? +h") ... (n factors)}’ 


i ‘ a? b? 
being given by pth tarpha mel 


ence the formula 


fla: n times Fiat 2.213) See 
{(a— s} + (b—y)... }* 


2 Dhh,...a® G a , da l 
~ Lan) Jovi + ka) (n + h?a) ... (n tactors)}’ 
ere the auat on the first side of the equation extends to all real values of 


y, &e. satisfying 7 ae < + &e....<1; 7°, as we have seen, is determined by 


a? b? 
Pth zy e rg Ea &. = 1; 
finally, the condition of ¢$(a~a, i —y...) not becoming infinite within the limits 


+...>1, which must be satisfied by these 


2 
the integration, reduces itself to = at tee 


ntities. 


Suppose in the next place that the function ¢(a, b...) satisfies ee i ap ri = 0. 


t 
d? , H 
factor (r ao &e.) may be written under the form 
ie ? @ gi 
(h2 — h) + ht- ie) $+ ko. + (55 + +o) =- it) © + o. 
2—2 
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since, as applied to the function ¢, Big E +&c. is equivalent to 0; we have in 


this case 


ff...¢e(a-—a, b—y ...)dx dy... 


hh, ... T" Q @ 1 n Ë P 

ST Ge) oF saree eae Gp ee -mpte ie, (GE 
or the first side divided by hh,... has the remarkable property of depending on the 
differences h? — h’, &c. only; this is the generalisation of a well-known property of the 
function V, in the theory of the attraction of a spheroid upon an external point. 


If in this equation we put ¢ (a, b...) = which satisfies the required 


cea i Tig 
(a? +b...) 
condition Aa + &c.=0, then transferring the factor a to the left-hand side of the sign 
S, and putting in a preceding formula, &=0, 6? =h?—-h?, &. and +h? for 7, we 


obtain 
Mest times) _ (a@-a)dady... 
{(a— a)? + (b—y)?...}™ 


yy a l, a®— da 
M(H). DAM) Jo v [fn + + (h? — K) aè} {0° + h + (h? — h) a) ... (m — 1) factors)’ 


where, as ime the integrations on the first e extend to all real values of a, y, &c., 


satisfying 7a A yf . <1; 7? is determined by +&.=1; and a, b,...h, h,, SO are 


ha: 


b 
f t pst ee >l. 


y? A a 
subject to 


For n=8, this becomes, 
ill (a— s) dx dy dz 
{(a — a)? + (b — y} + (c — zy}! 


_ 4mhh h,a veda 


JE | TOF P SOF Ba BE OFT 
the integrations on the first side extending over the ellipsoid whose semiaxes are 
h, h, h,, and the point whose coordinates are a, b, c, being exterior to this ellipsoid; 
a? p2 c 
also 


n? aA h2 an n +h? AFAI =]: a known theorem. 
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